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Abstract

A basis for a Banach space X is greedy if and only if the greedy algorithm provides, up to a constant
C depending only on X, the best m-term approximation for each element of the space. It is known that
the Haar (or good wavelet) basis is a greedy basis in L, (0, 1) for 1 < p < 0o [V.N. Temlyakov, The best
m-term approximation and greedy algorithms, Adv. in Comp. Math. 8 (1998) 249-265]. In this particular
example, unfortunately, the constant of greediness C = C(p) is strictly bigger than 1 unless p = 2. Our
goal is to investigate 1-greedy bases, i.e., bases for which the greedy algorithm provides the best m-term
approximation. We find a characterization of 1-greediness, study how 1-greedy bases relate to symmetric
bases, and show that 1-greediness does not imply 1-symmetry, answering thus two questions raised in [P.
Wojtaszezyk, Greedy Type Bases in Banach Spaces, Constructive Function Theory, Varna 2002, Darba,
Sofia, 2002, pp. 1-20].
© 2005 Elsevier Inc. All rights reserved.

1. Introduction

Let X be a (real) Banach space with a semi-normalized basis (en)Z=] (n finite or infinite). For
eachm = 1,2, ..., welet ¥, denote the collection of all elements of X which can be expressed
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as a linear combination of m elements of (e,):

In=1y= Z ajej : B CN,[B| =m,uo;’s scalars
JjEB

Let us note that the space X, is not linear: the sum of two elements from X, is generally not in
Xm, it is in Xy,,. An approximation algorithm is a sequence of maps 7, : X — X, m € N, so
that for each x € X, T,,,(x) € Z,,. For x € X, its best m-term approximation error (with respect
to the given basis) is

Om(x) = ‘inzf llx = ylI.

m

The fundamental question is how to construct an approximation algorithm which for every x € X
and each m produces an element 7, (x) € X, so that the error of the approximation of x by 7}, (x)
be (uniformly) comparable with a,,(x), i.e.

Ix = T <Copm(x),

where C is an absolute constant.

The most obvious and in some sense natural attempt to get such an algorithm is to consider
the Greedy Algorithm, (gm):;: |» Where for each x, G,,(x) is obtained by taking the largest m
coefficients in the series expansion of x. To be precise, if we let (ef;)zzl C X* denote the

" forxeX put

biorthogonal functionals associated to (e, ), _;»

Gn(x) = ei(x)e;,
jeB
where the set B C N is chosen in such a way that |[B| = m and |e;‘f (x)|>lej (x)| whenever j € B
and k ¢ B.

Let us note that it may happen that for some x and m the set B, hence the element G,, (x), is not
uniquely determined by the previous conditions. In such a case, we pick any of them. Besides,
the maps G, are neither linear (even when the sets B are uniquely determined) nor continuous.

Following [1], given x € X we define its greedy ordering as the map p: {1,2,...,n} —

{1.2,....n) such that {j : €3(x) # 0} C p({l,z,... ,17}) and so that if j < k then either
|e:;(j)(x)| > |e;(k)(x)| or |e:;(j)(x)| = |e*(k)(x)| and p(j) < p(k). With this notation, the mth
greedy approximation of x is now uniquely determined by

Gm(x) = Z €y Xep(j)-
j=1

Konyagin and Temlyakov [6] defined a basis to be C-greedy (C > 1)ifforallx € X andm € N,
we have

X = G () < Com(x). ey

The smallest such constant C is the greedy constant of (ey,).
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Note that if C = 1 in Eq. (1) then ||lx — G, (x)|| = o)(x) forallx € X andm = 1,2,...,s0
the greedy algorithm gives the best m-term approximation for each x € X.

They also defined a basis (e,,)Z:1 to be A-democratic (A > 1) if for any two finite subsets A, B
of N with |A| = |B| we have

S o <alY «

keA keB

<A

’

(the least such constant A is the democratic constant of (en)Z:]) and gave the following charac-
terization of greedy bases:

Theorem 1.1 (Konyagin and Temlyakov [6, Theorem 1]; cf. Wojtaszczyk [11, Theorem 1]). If
(en)Z=1 is a greedy basis with greedy constant < C, the (ey,) is unconditional with suppression
constant < C and democratic with democratic constant < C. Conversely, if (e,) is uncondi-

tional with suppression constant K and A-democratic then (ey) is greedy with greedy constant
<K+ K3A.

We will remind the reader the notion of unconditional basis in the next Section. If we disregard
constants, Theorem 1.1 says that a basis is greedy if and only if it is unconditional and democratic.
In particular, Theorem 1.1 immediately yields that a 1-greedy basis has both suppression constant
and democratic constant equal to 1. However, this is not a characterization of bases with greedy
constant 1. In this paper we tackle the problem of finding a characterization for greedy bases with
greedy constant equal to 1.

In §2, we pay close attention to the unconditional constants of an unconditional basis in relation
to Theorem 1.1 and show that 1-symmetric bases are 1-greedy.

In §3, we introduce a weak symmetry condition for bases that 1-greedy bases enjoy, which we
called property (A), and characterize 1-greedy bases in terms of Property A and unconditionality.

§4 deals with the problem of renorming equivalently a given Banach space X with a greedy
(respectively unconditional or/and democratic) basis (e,) in such a way that after renorming
we improve the greedy constant of (e,,) (respectively, its constant of unconditionality or/and its
democratic constant). We prove that for all ¢ > 0 we can extract a large “lacunary subbasis” of
the Haar system in L [0, 1] which is 1-unconditional and (1 + ¢)-democratic.

From Theorem 1.1 it is immediate to see that greediness is a stepping stone from symmetry
to unconditionality. Motivated by finding out more about the converse path, in §5 we provide
examples (some of which are non-trivial) that distinguish between a variety of closely related
properties of bases in Banach spaces. In particular, we see that a 1-greedy basis need not be
1-symmetric.

Finally, in §6 we give a list of open problems that arise naturally from this article.

We use standard Banach space notation and terminology throughout (see e.g. [9,7]). For clarity,
however, we single out the following. |- | may denote (depending on the context) either the absolute
value of a real number or the cardinality of a finite set. The convex hull of a set S (i.e., the set
of all convex combinations of points of S) will be denoted by co(S). Given a sequence ()C,,)Z:1
in X, we say that (xn)Z:1 is semi-normalized (respectively, normalized) if there exists a constant
¢ > 0sothat 1/c<||x, || < c (respectively, ||x, || = 1) for all n. The closed linear span of (xn)Z=1
is denoted by [x,]. coo Will denote the sequence space consisting of sequences with only finitely
many nonzero terms. Other concepts from the theory of bases will be introduced as needed.



68 F. Albiac, P. Wojtaszczyk / Journal of Approximation Theory 138 (2006) 65—86
2. Preliminary results
To begin let us recall that a basis (en)Z: | of a Banach space X is said to be K-unconditional

(K >1)ifforany N € N, wheneveray, ... ,an, b1, ..., by are scalars satisfying |a, | <|b,| for
n=1,..., N, then the following inequality holds

N N
D anen| SK |3 bue
n=1 n=1

The unconditional constant K, of (e,) is the least such constant K .
It (en)Z: | is an unconditional basis of X and A is a subset of the integers then there is a bounded

linear projection P4 from X onto [e; : k € A] defined for each x = ZZ:] e,’f (x)ex by

<K @

Py(x) =) ef(x)ex.

keA

{P4; A C N} are the natural projections associated to the unconditional basis (e,), and the
quantity

Ky = sup || Pall < o0
A

is called the suppression constant of the basis.
Let us observe that in general we have 1< Ky < K, <2K; (see, for instance, [7, p. 380]), but
there is a situation in which K plays the role of K, in Eq. (2):

Proposition 2.1. Let (en)Z:1 be an unconditional basis for a Banach space X . Assume ay, . . . ,

ay,by, ..., by arescalars so that |a,| < |by| for all 1 <n < N and, moreover, sgn(a,) = sgn(b,)
whenever apb, # 0. Then

N N
D nen D baen
n=I1 n=1

Proof. Fix any N € N and letay, ... ,an, b1, ..., by be scalars as in the hypothesis. Observe
that for each 1 <n <N we have

<K,

an
a bn
L 1dt,
bn 0

so that we can write

N N 1 1 N
> anen = Z/O b0, (1) dt ey =f0 (anx(o’zz)(t)dt en> dr.
n=1 n=1

n=1

Note that for each ¢ € (0, 1), the unconditionality of the basis yields

N
Z buey,
n=1

<K 3)

N
Z bn%((), Z—Z) (e
n=1
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Then, combining the properties of the Bochner integral with Eq. (3), we obtain

N 1 N
Z anen || < / Z buey
n=1 0 n=l1

A basis (en)Z:1 is said to be I'-superdemocratic (I' > 1) [6] if the inequality

dt < K O

N
D bax. gy (e
n=1

Z Orex

keP

<r Z Exek

keQ

holds for any two finite sets of integers P and Q of the same cardinality, and any choices of signs

(Ok)kep and (ex)keo-
It is clear that if a basis (en)Z: | is simultaneously K-unconditional and A-democratic then

it is I'-superdemocratic with T’ < K 2A.
Now we show a very simple fact that we will need later.

Proposition 2.2. Let X be a 2-dimensional Banach space with normalized basis (e1, e2). If
(e1, e2) is unconditional with K; = 1 then (ey, e) is 1-greedy.

Proof. We need only show that for each x € X we have
x = Gi(x) I <o1(x).
Put x = ae; + fey. Clearly we have
o1(x) = inf {1z = s)e1 + feall, e + (B = Deall}.
Without loss of generality we assume that |a| > |f|. Using the hypothesis we obtain,
[x — G| = lIfe2ll = H P{Z}((Of —s)e; + ﬁez) H <|(o = s)er + Pexl|
and
I = G ol = 1BI< ol = et | = | Py (e1 + (B = ez )| <liwer + B = Deall
Thus, [|x — G1(x)|| <o1(x) and we are done. [
There are weaker forms of greediness. For any basis (e,)"_,, let

n=1>
X — Z er (x)ek

keA

G (x) = inf {

:AC{1,2,...,n},|A|<m}. 4)

A basis (e,,)Z:l is almost greedy [1] if there is a constant C so that for each x € X and
m=1,2,... we have

¥ = Gm () < CTpm (x).
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A basis (en)Z: | 1s quasi-greedy [6] if for each x € X the norm limit lim,, . G (x) exists and
equals x. This is equivalent (see [10]) to the condition that for some constant C

sup [|Gm ()| < Cllx]l.
m

Obviously,

m

X — Z ef (x)ek

k=1

om(x) <0y (x) < -0 asm— oo.

The following result appeared in [11]:

Proposition 2.3 (cf. Wojtaszczyk [10, Proposition 7]). Let (e,,)Z:1 be an unconditional basis for
a Banach space X with Ky = 1. Then, for each x € X and each m = 1,2, ..., there exists
B C N of cardinality m such that

X — Z en(x)en

neB

on(x) =

That is, if Ky = 1 then 0,,(x) = G,,(x) and the infimum in Eq. (4) is attained. Therefore, we
obtain the following immediate consequence that we state for reference.
Proposition 2.4. Let (e,,)Z: | be a basis of a Banach space X.

@) If (en) is 1-greedy, then

X — Z e (x)ex

keA

lx = G ()|l = 0 (x) = min [

:AC{1,2,...,n},|A|:m}.

@ii) If (en) is unconditional with Ky = 1 and

X — Z er(x)ek

keA

llx — gm(x)” = min {

: AC{I,Z,...,n},|A|=m}.

for each x € X and every 1 <m < n, then (ey,) is 1-greedy.

Let us recall that an unconditional basis (e,,)Z=1 of a Banach space X is symmetric if for any
permutation g of {1, 2, ... , n}, the basis (eg(,,))zzl is equivalent to (en)Zzl, i.e., there is a constant
C so that for any permutation ¢ and any choice of scalars (ax) € coo we have

n n n
Z anpén Z an€a(n) Z anpén
n=1 n=1 n=1
(en)Z:1 is K-symmetric if for all x = ZZ: | anep the inequality

n n
Z EnQneq(n) Z Aanpépn

c! < <C

<K
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holds for any sequence of signs (¢,) and any permutation ¢. The least such constant K is called
the symmetric constant of (en)Zzl.

A 1-symmetric basis is, in particular, 1-unconditional and 1-democratic. Therefore, by Theo-
rem 1.1, a 1-symmetric basis is greedy with greedy constant <2. Actually, more can be said:

Theorem 2.5. If (en)Z=1 is 1-symmetric, then (en)Z=1 is 1-greedy.

Proof. Fix x = Z:l er(x)e, and 1<m < n. Let p be the greedy ordering for x and A =
{p(1), p(2), ..., p(m)}. Thus, G, (x) = ZneA er(x)e,. We aim to show that

X — Z er(x)ep

neB

”x_gm(x)HZmin{ : BCN, |B|=m}

Given B C N of cardinality m, suppose A N B = . If we take any permutation 7: N — N
such that 1(A) = B and n(n) = nif n ¢ A U B, using the 1-symmetry of the basis we have

X — Z er(x)e,| = Z er(x)en + Z er(x)en

neB neA n¢AUB

=Y eiWenm + Y eie

neA n¢AUB

Z er(x)en + Z er(x)ep

neB n¢ AUB

= |lx — Z e (x)e,

neA

Let us assume now that A N B # (J. We pick a permutation 7 : N — N so that 7(A\B) = B\A
and n(j) = jif j ¢ (A\B sup(B\A). Then, the 1-symmetry of the basis yields

WV

x—Ze:(x)en = Z er(x)en + Z er(x)en
neB neA\B n¢AUB
=| Y gWerm+ Y €ixen
neA\B n¢ AUB
> ) et Y eixen
neB\A n¢ AUB
= Zeﬁ(x)en =Hx—gm(x)H. a
ng¢A

3. Property (A)

Let (en)'jl:] be a basis of a Banach space X. Given any x = ZZ:] er(x)e, € X, the support

of x, denoted supp x, consists of those n such that e}(x) # 0. Let M(x) denote the subset of
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supp x, where the coordinates of x (in absolute value) are the largest. Obviously the cardinality
of M(x) is finite for all x € X. We will say thata 1 — 1 map w: suppx — {1,2,...,n}isa
greedy permutation for x if n(j) = j for all j € suppx\M(x) and if j € M(x) then, either
n(j) = j or n(j) € N\suppx. That is, a greedy permutation of x puts those coefficients of x
whose absolute value is the largest (or some of them) in “gaps” of the support of x, if there are
any. If suppx # N, we will put M} (x) = {j € M(x) : n(j) # j}. Ilg(x) will denote the set of
all greedy permutations of x.

Definition 3.1. A basis (en)Z:1 for a Banach space X has property (A) if for any x € X we have

Z er(x)ey| = Z Onnyey (X)exnn)

nesupp x nesupp x
for all © € Il (x) and all signs (0x) with Or) = 1if n ¢ M} (x).

Roughly speaking, property (A) is a weak symmetry condition for largest coefficients. It al-
lows some symmetry in the norm of a vector provided its support has “gaps”. When suppx =
{1,2,...,n}, then Ilg (x) consists only of the identity permutation and the basis does not allow
any symmetry in the norm of x. The opposite extreme case occurs when x = o), _¢ ek, with
Isuppx| < #n; then |lx|| = [la) zcp exll forany P C {1,2,...,n} of cardinality |suppx|. In
particular, if a basis (en)Z:1 satisfies property (A) then it is 1-democratic. In fact, we have:

Proposition 3.2. Let (e,);,2 | be a basis of a Banach space X. If (en);2 | has property (A) then
(en)o2 is 1-superdemocratic.

Proof. Given m € N, let A and B be any two subsets of N of cardinality m. We want to prove
that for any choice of signs (&) and (0;) we have

Z Ek €l Z erk

keA keB

But, if we pick a subset C of integers of cardinality m which is disjoint with both A and B, using
property (A) twice we obtain

Z Ek ek Z (97

keA keC

. O

Z lek

keB

Example 3.3. Let (H,i”));;ozl be the Haar system normalized in L [0, 1] for 1 < p < oo: Hl(p) =
lon[0,1]andforn =2F +5,k=0,1,2,...,s =1,2,...,2%

2k/p ift e [25—2 2s—1)’

o6 P
HP (1) = 3 —24p it e B ),

0 otherwise.
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Since
I 427 P HP G £ N 27 |
the Haar system does not have property (A).

Now we come to the main result of this section:

Theorem 3.4. A basis (en)Z: |JoraBanach space X is 1-greedy if and only if (e, is unconditional
with K = 1 and satisfies property (A).

Proof. If (¢,) is 1-greedy then Ky = 1 by Theorem 1.1. To see that (e;,) has property (A), fix
x € X and assume that S = supp x is a proper subset of {1, 2, ... , 5}, otherwise there is nothing
to prove. Given 7, a greedy permutation of x, and a choice of signs 0 = (0) such that O,) = 1
ifn ¢ MX(x),putxg n = ,cs Onin)yanenn). We want to show that ||x|| = [lxg .|l. Consider the
vector

y=x+ Z Ono akenk)
ke M (x)

which results from putting as many largest coefficients of x (possibly with different signs) as
|M(x)] in gaps of the support of x. Then, on the one hand, if m = |M};(x)| we have

G = Y e

keMz(x)

Since (ey,) is 1-greedy,

gl = 1y = GuWl = 0mM< |y = Y Orgoarenc | = lIxll.
keM*(x)

On the other hand we also have

Gn(y) = Z On)aken(k)

keMz(x)
hence
Xl =1y = GuI< |y = Y arex| = Ilxoxll.
keM:(x)

For the converse, since Ky = 1, using Proposition 2.4, we will prove that (e,,) is 1-greedy by
showing that for eachm € N, m < 5, and any x € X, we have

Ix = G|l :min[”x _ PB(X)H - BcC{1,2,....n), B =m}.

Let p be the greedy ordering for x and A = {p(1), p(2), ..., p(m)}. Thus, G, (x) = ZneA
e} (x)e,. Suppose, first, that B is disjoint with A. Then, if we pick signs (0,)nca so that



74 F. Albiac, P. Wojtaszczyk / Journal of Approximation Theory 138 (2006) 65—86

sgn(é)”e;(m)(x)) = sgne;(x) forall n € A, using Proposition 2.1 we obtain

Z er(x)en + Z en(x)en

neA n¢ AUB

Z Hne;(m)(x)en+ Z e:(x)en

neA n¢AUB

e

>

Now pick signs (&,)nep so that sgn(ane:(m)(x)) = sgn e (x) for each n € B. Then property (A)
gives

Z s,,e;k)(m)(x)en + Z er(x)en

neB n¢AUB

Zerze;(m)(x)ezz+ Z e:(x)en >

neA n¢AUB

)

and using Proposition 2.1 again we get

Z er(x)en + Z er(x)en

D e @en+ Y er(x)en| >

neB n¢AUB neB n¢AUB
= ||lx — Z er(x)en
neA
=llx = Gu()l.

If BN A # @, then

Hx—PB(x)H= D og@ent Y erxen

neA\B n¢AUB

(@

> D Owen@ent+ Y eren
neA\B n¢ AUB

®

= Z gne;(,n+1)(x)en+ Z er(x)en
neB\A n¢ AUB

© « x

> Y et Y enxen
neB\A n¢AUB

= e,
n¢A

where 0, = £1 have been chosen in such a way that sgn(@ne;(m_irl)(x)) = sgne(x) for all
n € A\B and we picked ¢, = %1 in order to satisfy sgn(ane;(mﬂ)(x)) = sgne(x) for all
n € B\A. In (a) and (c) we used the fact that K; = 1, and in (b) we used property (A). O

From Example 3.3 we immediately deduce that the Haar system (H,fp >);’l°=1 is not a 1-greedy
basisin L,[0,1], 1 < p < o0.
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Proposition 3.5. Suppose (e,);° | is a basis for a Banach space (X, || - || x). For 1< p < 00, let

Y = X ®, R endowed with the norm
1/p
I ally = (Il +1007) 7, xe X, xeR.

Denote (y,,)fjo=0 the natural basis in Y : ((0, 1), (e1,0), (e2,0), .. ) If (yn) has property (A)
then (ey) is isometrically isomorphic to the canonical £ ,-basis.

Proof. Pick any N € N and any linear combination Z,ILV:] o e,. Without loss of generality we
will assume that |og| > |oa| > - - - > |an|. Then, using the fact that (y,) has property (A), we have

N N
Z openll = Z open, 0
n=1 X n=1

N
= |0, )+ Y ey
n=2

N
= (Z Onén, O‘l)
n=2 Y

N 14 1/p
D e
n=2

Y

Y

+ | |?
X

Next we would play the same trick with the norm in X of Zfl\’:z o, e,. After N steps we would
obtain

L/p
=l + -+ lant?) . O
X

N
§ Olpén
n=1

The next two results can be shown in the same fashion and we omit their proof.

[ee]

Proposition 3.6. Let X be a Banach space with a basis (x,),>

and let 1 < p < oo. Consider
the Banach space Y = X @, £, with the natural basis (y,l);’lo=1 = ((xl, 0), (0, e1), (x2,0),

0, e2), ... ), where (e,) denotes the unit vector basis of €. If (y,) has property (A) then (x,) is
isometrically equivalent to (ey,).

Proposition 3.7. Let (X, || - ||) be a Banach space with a basis (xn)flo:]. Consider the space
Y = X &1 X endowed with the norm

1Cers x2)Mly = Ml + llxz]l.

The sequence (y,)5° | = ((xl, 0), (0, x1), (x2,0), (0, x2), .. ) is a basis for Y. If (y,) has
property (A) then (x,,) is isometrically equivalent to the canonical £1-basis.
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4. Renorming

In this section, we give partial results in connection with the open problems in §6. Suppose that
(en) is a 1-greedy basis for a Banach space (X, || - ||). By Theorem 1.1, (e,) is unconditional with
K = 1, and democratic with the democratic constant = 1. If we endow X with the equivalent
lattice norm, defined for x = Y _.7 | aye, € X by

el = sup Z Onainen|) . )
0,=+1
then (e,) is unconditional in (X, || - ||,) with Ky = 1, but one could expect the democratic constant
of (ey,) in the new norm to increase. This is not the case and (e,,) remains 1-superdemocratic in
(X, 1l - II,). Indeed, for any n € N and any A C N with |A] = n, taking into account the
1-superdemocracy of (e;) in (X, || - ||), we have
Z Okex|| = sup Z &xOrey Z ek
keA a==1lrca keA

for any (Og)rea signs. Actually we will show that (ey,) still is 1-greedy after renorming X with
the norm in (5). In its proof we will use the following elementary lemma.

Lemma 4.1. Let (e,) be an unconditional basis for a Banach space X. Then, for each x =
Y02 | anen € X there exists a sequence of signs (0,) (which depends on x) so that

Z 0,a,ey

n=1

lxll, =

Proof. It is easy to see that the map from the topological product space {—1, 1}V into X which
assigns to each sequence of signs (0,) the vector > o>, 0,a,e, is continuous. Composing with
the norm in X gives us a continuous map from {—1, 1}V into R:

On) —

nln€n

By compactness, there is a choice of signs (6,) where this map attains its maximum. [

Proposition 4.2. Let (e,) be a 1-greedy basis for the Banach space (X, || - ||). Then (ey) is
(1-unconditional and) 1-greedy in (X, || - |I,).

Proof. Takeanyx = ) /2, ane, € X. Without loss of generality we assume that the coefficients
of x in absolute value are non-increasing (otherwise we work with the greedy ordering of x). Thus
foreachm € N,

o0

E Aanén

n=m+1

00
= E Opanen

n=m+1

llx — gm(x)”( =

Z +a,e,

n=m+1

; (6)

sup

¢



F. Albiac, P. Wojtaszczyk / Journal of Approximation Theory 138 (2006) 65—86 77
where (0,,) is the sequence of signs given by the previous lemma. Put
o0
y= Z Onanen,
n=1
where 0; = 0, = --- = 0,, = 1. Then G, (y) = Y., ane, and, since (ey) is 1-greedy in

(X, Il - 1), we have

=y = GuMI<ll(y). 7

00
E Onane,

n=m+1

Now, for each set B C N of cardinality m,

all(y) <

y- Z Oraye

keB

<

’

)
E anép — E areg
n=1 ¢

keB

which implies

o
Bl <mind |3 aven =3 arer| : BCNBI=m =0, (x). ®)
n=1 keB ¢
Combining (6), (7) and (8) we obtain
Il
Ix = G, <om * (x),
ie., (e,)is I-greedy in (X, || - [|I,). O
Analogously, if (e,) is C-greedy in (X, || - ||) and we equivalently renorm X with the lattice
norm, then one may argue as above to show that, in fact, (e,) is 1-unconditional and C-greedy in

X0 1)-
A basic tool to analyze unconditional bases in L,[0, 1] for I < p < oo is provided by the
following consequence of Khintchine’s inequalities.

Proposition 4.3. Let 1 < p < oo. If ()72, is an unconditional basis for (L ,[0, 11, || - || ,) with
biorthogonal functionals (\f}), then the expression

p/2 1/p

1 o0
A= /0(Z|w:(f>|2|wn(t>|2> dr| . feLyo1]
n=1

gives a norm on L [0, 1] which is equivalent to the standard L ,-norm.
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Hence, as a particular case of the above proposition, one obtains:

Proposition 4.4. For each 1 < p < oo there exists a constant C = C(p) so that

|/ oo pi2 \ P
c! / ( |an|2|H,§”>(r>|2> di
0 n=1
l/p

00 1/ o© r/?
Y aH | <C / (Zmnﬁwﬁ")anz) dr| .
n=1 0 n=1

for any sequence (a,) € coo.

<

L,

Proof. Given f = Y"° | a,H" € L,[0,1](1 < p < 00), put

1
o0 /p

1 p/2
AN = f()(DanFm,E”)(r)F) dt ©)

n=1
and appeal to Proposition 4.3. [

Sometimes it is convenient to describe the normalized Haar basis in L ,[0, 1] as a sequence of
“layers” as follows. Let hg be the constant function 1. For n >0 and 1 <k <2" we define hz thus:

mipifp e [2=2, 2Ly

SFT > FaFT

: 2k—1 2k

Hy=13-2"r ifte [SeTs 30r7)
0 otherwise.

Our next result proves that L ,[0, 1] can be equivalently renormed so that some subbasis of the
Haar system is 1-unconditional and (1 + ¢)-democratic for the new norm. Unfortunately we are
unable to prove it for the whole basis and cannot get rid of ¢ (see Problem 6.2).

Proposition 4.5. Let 1 < p < oo. For each ¢ > 0 there exists an increasing sequence
s\ 00
(nj)2, of non-negative integers such that the “lacunary Haar system” ((h;f’)?:'l). o is
1=
l-unconditional, (1 + ¢)-democratic in (L,[0, 1], || - |||) and the closed linear span of
. n; S . .. .
(22y) — in (L1013 11 - 1D is isomorphic to (L [0, 11,1 - 11):

Proof. The proof relies basically on an idea that appeared in [5]. Given ¢ > 0, pick « € N such
that

20/ p 2%/p
. <
(223{/17_1)1/2 (23{_1)1/17\

1+e.

Consider the sequence (n;) defined by ngp = 0 and n;4+1 = n; + o and the subbasis of the Haar
system

_ niy2ni \ 1.0 gzn1 gpng ni ny g np ny
S, = ((hjz)jzl)izo_(h A LR R R R L N

n'f-layer n{f-layer
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Note that for each ¢ € [0, 1), the non-zero values of the functions |hZ" ®|P,i =1,2,... belong

to a geometric progression of ratio 2%. If A is any finite subset of S, put
M (t) = max {ni i re supphZ’, hZ" € A},

andlet M(t) = —ocoif t ¢ Uh"ieA hzi. Thus for each t € [0, 1) we see that
k

Z |hni(l‘)|p<2M([)§: i i——zx -2M(I)
k h —\22) 2r -1 ’

{h}! eA)

hence
2% —1

2 ol

{h, eA)

M) 5

Now,
p/2
1
Z 1y ()] dt;/ 2M@) gy
0 " 0
{h}! eA)

2 —1 ! .
2 / > I@ra

{hy' A}

2% — 1
=51l

Therefore, we obtain

_ 2% — 1\ /P
> |z ()

(h} eA)

On the other hand, for each ¢ € [0, 1) we have

o j 20/ p
N2 M) \2 1\ ww 2
> Il <(27) S(mm) =27
{h}eA) Jj=0
Then,
p/2
1 o 1
) 2
n 2 M(t)
< - -
/0 > o \(zza/p_l)p/zfoz dr
{hy' €A}

2% ! n;
s ()P
< (224/p — 1)p/2 /0 Y @i de

(h}eA)

20(
~ (22p —1)r2 A

(10)
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Thus we obtain

_ 20/p
nj 1/p
Z hk <(220(/p_1)1/2|A| ’ an
{hyieA)
So given any other set B C S, such that |B| = |A[, Egs. (10) and (11) yield
p
. 2%
nj <
Z hom = (22a/p _ 1)p/2 |B|

m

_ 2% 2% i
S (22e/p — 1)P/222/p — | Z k
{hyeA)
p
<U+ar ||| >y

{hyieA)

The last statement of the proposition follows from Gamlen and Gaudet’s theorem [3] and from
the equivalence of norms given by Proposition 4.4. [

5. Examples

If (en)Z=1 is 1-greedy, by Theorem 1.1, (en)Z=] is 1-democratic and unconditional with K; = 1.
Our first example shows that (en)Z: | need not be 1-superdemocratic, and hence Proposition 3.2
fails when the space is finite-dimensional. In particular, it shows that a 1-greedy basis need not
be 1-unconditional (at least in a two-dimensional space!).

Example 5.1. Put
B= {(x,y) cR?: x2+y2<1,xy>0} U {(x,y) eR?: x|+ |y|<1,xy<0},
and let || - || g denote the Minkowski functional of 1, i.e., for each x € X
) X
Ixls = mf{z >0:~e B}.

X = (R?, || - ||g) is a Banach space and the unit vectors e; = (1, 0), e; = (0, 1) are a basis
for X. It is immediate to check that || Py || <1 fori = 1, 2, hence by Proposition 2.2, (eq, e2) is
1-greedy.

On the other hand, (e1, €7) is not 1-superdemocratic since ||e] +e2 | = /2 whereas ller—ex|| =
2. Therefore, (e, e2) cannot be 1-unconditional.

One might think, in view of Example 5.1, that a basis which is 1-greedy, 1-superdemocratic
and such that K; = 1 would be 1-unconditional. This is not the case as the next two-dimensional
example shows.
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Example 5.2. Let

Al ={(x,y) e R?: x> +y2<1,x20,y>0,x <y},

Ar = {(x,y) e R*: x? +y2<1,x<0,y>0, x| >y},

Ay ={(x,y) € R*: x* 4+ y*<1,x<0, y<O, |[x[<|y]},

Ay ={(x.y) € R*: x* +y*<1,x>0,y<0, x>y},
and A = A{UA,UA3U Ay, Now, take B the convex hull of A and let || - || 5 denote the Minkowski
functional of . (X, || - ||g) is a Banach space, of which the vectors e; = (1,0) and e; = (0, 1)
are a basis. Clearly, || P;|| <1 for i = 1, 2, hence by Proposition 2.2, (ey, e) is 1-greedy. It is
also immediate that ||01e] + 6hez|| = |le1e1 + &2e2]| for any choices of signs {Gi}iz:1 and {ai}iz:],
therefore the basis is 1-superdemocratic. Nevertheless, (e, e3) is not 1-unconditional since, for

instance, given any o € (%, %) the vector x = (cos «, sin o) has norm = 1 whereas the vector
x" = (cos o, — sin &) has norm strictly bigger than 1.

By Theorem 1.1, a 1-unconditional and 1-democratic basis is greedy with greedy constant at
most 2. Can we do any better? The next example gives a basis in an infinite-dimensional Banach

space which is 1-unconditional and 1-superdemocratic but not 1-greedy.

Example 5.3. Let X be the set of all real sequences x = (x1, x2, ...) € £ such that

00

||

lxl = E Jn
n=1

is finite. Taking into account (we will see below why) that the inequality

'y oy W
24~ /n

n=

holds for all N € N, we define on X the norm given by:

1
el = max {xles, 311 }-

Then (X, || - ||) is a Banach space. Lete, € X, n = 1,2, ..., be the vector whose kth coordinate
is 1 if n = k and 0 otherwise. Denote by X the subspace of X generated by (e,)7° ;.

It is easy to see that (e;,) is a 1-unconditional basis for Xj.

On the other hand, given any subset A C N, we have

e

keA

|A] |A]

1
< Zek ZZW,

1 k=1 ||, k=l

which implies, using (12), that

D e =D e

keA keA

= A",
%)

hence (e;) is 1-democratic. In fact, (e;) is 1-superdemocratic.
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Let us show that (e,) does not have property (A). Pick n € N such that

) L O (13)
— —_— ... —_ > —_— ... —_.
2 2 n 2

R

1 /1 1 1 1 1
= _— _ —_— — 1 —_— —_—
max{2(2+ n—i— —n+1> +2+ +n}

o (G

Let us recall that a basis (en)°° | is subsymmetric if it is unconditional and for every increasing
sequence of integers {n; }l |» the subbasis (e, )°°1 is equivalent to (en) . The subsymmetry
constant of (ey) is the smallest constant C > 1 such that given any scalars (a,) € cop, we have

00 oo
Z 9,-a,'en,. C Z a; e;
i=1 i=1

for all sequences of signs (0;) and all increasing sequences of integers {n;}7°,. In this case we
say that (ey,) is C-subsymmetric.

Since a 1-subsymmetric basis (e,) is 1-unconditional and 1-democratic, by Theorem 1.1 it
follows that (e,,) is greedy with greedy constant < 2.

The following example, in combination with Theorem 3.4, shows that a 1-subsymmetric basis
need not be 1-greedy. It is interesting to point out here that this was precisely the first counterex-
ample that proved that a subsymmetric basis need not be symmetric (see [4]).

<

Example 5.4. Let (X, || - ||) be the Banach space of all sequences of scalars x = (xg, x3, ...) for
which

o ||
x|l = sup Y | =&
o Vi

the supremum being taken over all increasing sequences of integers {n;}7°,
The unit vectors (e;) form a 1-subsymmetric basis of X, but (e¢;) fails to be 1-greedy because
it does not have property (A). Indeed, take x = (1 0 0---) and, for instance, the greedy

permutatlon of x given by n(1) = 3,n(2) = 2. Then ||(1, f’ 0--9)) =1+ % whereas
10, J5. 1,0 )]l = V2.

Example 5.5 (Greedy does not imply subsymmetric). It was proved in [8] that for 1 < p < oo,
(H,E” ));'lozl is a greedy basis in L,[0, 1] with a greedy constant strictly bigger than 1 (unless
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for p = 2 that the greedy constant is = 1). Clearly (H,fp ));’;1 is not subsymmetric since if we
consider ny = 2¥*1 — 1,k = 1,2, ..., then the subbasis (H,f,f7 )),fil is isometrically isomorphic
to £,,, which is not isomorphic to L, [0, 1].

Now we shall present two examples which show that a 1-greedy basis need not be 1-symmetric.
The first one, essentially due to the referee, is a nice an simple way to define a norm ||| - ||| on cg
equivalent to the standard one, starting with a two-dimensional norm, so that the canonical basis
(en);'loz] is 1-greedy but not 1-symmetric in the new norm. Unfortunately, though, the sequence
(en)n>2 1s 1-symmetric with respect to ||| - [||!

Example 5.6. Consider the following two-dimensional norm:

5 1
e = max {1yl 21l + 131}
Now endow c¢( with the norm
III(an)ﬁLIH:maX{ sup |[(ai,a;)ll, sup ||(aj,ai)||}-
1<i<j 2<i<j

It is immediate to see that ||| - ||| is equivalent to || (a,)7 ;oo = sup,, |a,|. One can also readily
check that the standard unit vector basis of (cg, ||| - |||) is 1-unconditional and has property (A),
hence it is 1-greedy by Theorem 3.4. But it cannot be 1-symmetric since

31 19
1(z,3.0,0,.. )l =33

whereas

EN[O8)

(5. 3.0,0,..)lll =

The other example is more involved and finite-dimensional in nature. It gives for eachn € N an
n-dimensional Banach space (very close to a Hilbert space) with a 1-greedy basis whose symmetry
constant approaches 1 as n tends to co. We are still unable to find a sequence (X n);'lozl of spaces
with dimX,, = n, so that each X, has a 1-greedy basis whose symmetry constant goes to 0o as n
increases.

Example 5.7. We are going to construct the unit ball of an n-dimensional Banach space as
follows. Foreachi = 1,2, ... ,n, let & denote the Euclidean unit ball in the hyperplane H; =
x=@1,...,xp) € R": x; =0}, ie.,

1/2
n
G={x=(1....x) eR": x;=0and x| = [ Y |x; <1},

Jj=1

and let € be the Euclidean unit ball in R”. We define the set A to be

n
A={a=@....x) eR": x;>x> - >x,20and Y |x;|*<1
j=1
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Now, for each different choice of signs oY) = (O(Ij), e, OSlj)), j=1,...,2" put
Aj = {a = (ng)xl, el H;j)xn) D ()i, € A}.

Let us observe that all of the sets &;’s and .A;’s are convex. Finally, put

n 2"
S= (U 5,-) ullU 4
i=1 j=1
Let

B = co(S),

the convex hull of S, and let || - ||z denote the Minkowski functional of B. X = (R", || - ||B) is
a Banach space. We will prove that the unit vector basis (e;)?_; of X is 1-greedy but it is not
1-symmetric. First we make a few geometric remarks that we will be using in the sequel. Note

that B consists of all sums 23:1 Ljaj + Y7, wbi such thata;j € Aj for j = 1,...,2",
bje&tfori=1,...,nand 41,...,2n, 4y, ..., Jt, are non-negative real numbers satisfying
Zf’;l Zj+ 21—, p; <1. It then follows that for x € R”
2" n 2" n
Ixllg=inf §> " 2;+ > w: ;=0 ;>0andx = > " Jjaj+ Y wbi | . (14)
j=1 i=1 j=1 i=1

Moreover, it is an easy consequence of the compactness of the sets ./A; and &; that this infimum
is attained.

Let us see that (ex);_, is 1-unconditional. Given ¢ = (8k)Z:1, where ¢, = %1, let T, be the
map Y ;_, Xkek — Y r_; exXkex from X to X. Each such map T is linear. We must prove that
sup, [|T¢|| < 1. Since B = co(S), it suffices to show that 7;(S) C S for each &. Butif x € S, then
either x € &; for some i, in which case T;(x) € & C S, orx € A; for some 1< j <2", in which
case T;(x) e Ay C S.

To check that (ex)}_, has property (A), let us pick x = (x1, ... , x,) a vector of the unit ball
of X so that at least one of its coordinates is zero (otherwise there is nothing to prove). That is,
x belongs to the intersection of 3 with at least one hyperplane H;. Since S C &, it follows that
B, the convex hull of S, is also contained in £, hence BN H; C £ N H; = &;. We conclude that
BN H; = &;. We will prove that if x € & then ||x||2 = ||x||g. It may be assumed that ||x|» = 1.
Taking into account the expression of | - || 5 given in (14) and the fact that x € &;, we deduce that
[lx|Ig < 1. Suppose that ||x||g < 1. Pick a representation of x,

2" n

X = Z }?jé_lj + Z /_lil;i
j=1 i=I

such that 2; >0, ;; >0,a; € A;, b; € & and

2" n
Ixlls =Y 4+ Y &
j=1 i=1
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Hence we would have

1—Mw—2m@+2m

i=1
271

<ZMMM+ZmMM
j=1

i=1

Z/L] +Z,u,

i=1

< l.
Therefore, to evaluate the || - || g-norm of an element of £ we can use its || - ||o-norm. Now, if 7
is a greedy permutation of x, the vector x; = (Xz(1), ... , Xz(n)) belongs to & for some 1 <k <n
and
lxzllz = llxzll2 = llxll2 = x5

By Theorem 3.4, (ex)j;_, is 1-greedy.

It remains to be proved that (ex);_, is not 1-symmetric. We will see that there exist vectors x =
(x1,...,x,) € Xwith ||x||g = 1such that for some permutation 7, the norm of (xr(1y, - .. , Xz(n))
is strictly bigger than 1. Let us take x = (x1,...,x,) € Asuchthatx; > xp > --- > x;, > 0
and || x| = 1. Since A C B C &, it follows that

I =llxl2<lxliB<

hence ||x||g = 1.

Now consider x” = (x,,, X1, ... , X2, x1). Obviously, ||x’||2 = 1. We aim to show that ||x||z >
1. Suppose the contrary. Then, since ||x’||5 cannot be strictly less than 1, the only option is
x'llg = 1.

We choose a representation of x” where its || - || g-norm is attained,
2 2" n
. _Zﬂ,aﬁzul and 123743 .
i=1 j=1 i=1
Clearly, in the above representation it must be ||l = 1 = |bill» forall j = 1,...,2" and
alli = 1,...,n. This way we have a vector in the Euclidean unit sphere of R"” written down

as a convex combination of vectors in the Euclidean unit sphere of R" as well. Using the strict
convexity (or rotundity) of £ we infer that a; = b; = x', which is impossible by our choice of
x'.

Let us note that as n grows larger the basis becomes more and more symmetric. Let x =

(x1,...,x,) € X such that ||x||g = 1. At least one of the coordinates of x, say x,, is <

o

Then, given any permutation = : {1,2,...,n} — {1,2,...,n}, we have

lxiery + -+ xnexmlip<lxieray + - + xn_1exm—0) 1B + IxXnezmllB

1
<lxiep + -+ xp—1en—1llp + —=

Jn
1

1
<||x||8+ﬁ=1+ﬁ.
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6. Final remarks
It is clear that our work leaves a lot or open questions. Clearly, the most important is:

Problem 6.1. Does there exist a 1-greedy basis (e,);> ; which is not symmetric in an infinite-
dimensional Banach space X?

The natural approach to tackle this question is to use renorming. So, in particular one may
ask: suppose (e,);2 ; is a greedy basis in a Banach space X. Does there exist an equivalent norm
[l - Il on X so that (e,);2 ; is 1-greedy in (X, ||| - |||)? Interestingly enough, it is not the case.
It was recently shown by T. Schlumprecht (unpublished) that neither Johnson—Figiel-Tsirelson
type space (see [2, Section 2]) nor H; can be renormed so that their natural bases are 1-greedy.

However, the following are still open:

Problem 6.2. Can we equivalently renorm (L ,[0, 1], ||-[|,) (1 < p < 00) so that the normalized
Haar system is 1-greedy in the new norm?

Problem 6.3. Suppose (en)fl”;l is a (super)democratic basis in a Banach space X. Does there

exist an equivalent norm ||| - ||| on X so that (e,);2 ; is 1-(super)democratic in (X, ||| - |[)?

A different problem is suggested by Theorem 1.1, Proposition 4.2, and Examples 5.1 and 5.2:
Problem 6.4. Does 1-greedy imply 1-unconditional in an infinite-dimensional Banach space?
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